We deal with the D-dimensional radial KleinÄGordon equation for RosenÄMorse type potential with unequal scalar and vector potentials. We apply a proper approximation to the centrifugal term and, by proposing an ansatz solution to the resulting equation, we obtain the bound-state solution. To check the accuracy of our results, we compare our obtained quasi-analytical energies with the exact numerical ones. 
INTRODUCTION
The RosenÄMorse potential (RMP for short) [1] was traditionally used for interatomic interactions and can be considered as a special case of theˇve-parameter exponential-type potential model [2] . Unlike the one-dimensional nonrelativistic problem [3] , it cannot be exactly solved in the higher dimensions due to the inverse square centrifugal term. Within the present research, we consider the radial KleinÄGordon equation for RMP with unequal scalar and vector potentials
S(r) = S 1 sec h 2 (αr) − S 2 tanh (αr),
where V 1 , V 2 , S 1 , S 2 and α are constant coefˇcients. In the recent years, the KleinÄGordon equations under different potentials have been considered [4, 5] . There are very recent papers which discuss this interesting interaction in the relativistic regime [6, 7] via common analytical techniques of mathematical physics [8, 9] . The outline of our work is as follows. In Sec. 1, using an appropriate approximation to the centrifugal term and making a suitable ansatz, we calculate the ground-state solutions. We compare the approximate quasi-analytical results with the exact numerical ones as well. In Sec. 2 we give our concluding remarks.
THE QUASI-EXACT SOLUTION
The spherically symmetric stationary KleinÄGordon equation in the D-dimensional space has the form
with
and
is a generalization of the centrifugal barrier for the D-dimensional space. One
where
, E n,l and l represent the hyperspherical harmonics, the hyperradial part, the energy eigenvalues and orbital angular momentum, respectively.
By choosing R n,l (r) = r
To deal with the centrifugal term, we make use of the appropriate approximation [10Ä12]
which is valid for sufˇciently small values of α (see Fig. 1 ). When α → 0 the approximation approaches 1/r 2 . Substitution of Eqs. (1) and (6) into Eq. (5) leads to the following equation:
After the transformation z = tanh (αr) (0 < z < 1), Eq. (7) takes the form
Further, we also use the transformation
which brings Eq. (9) into the form After decomposition of fractions, we have
The above equation cannot be solved by the exact analytical tools of quantum mechanics. Therefore, we follow the quasi-exact ansatz technique. Here, for the sake of simplicity, we try toˇnd only the 0th node solution. We assume an ansatz of the form
with β, ξ > 0 so that φ(z) → 0 as z → 0 and z → 1, which ensures that the radial functions φ(tanh (αr)) fulˇll the boundary conditions consistent with the requirements of quantum mechanics, i.e., φ(tanh (αr)) → 0 as r → 0 and r → ∞. Calculating the second-order derivative of (14), we easily get
Hence, by comparing Eqs. (13) and (15), weˇnd the correspondence
Having in mind Eq. (1), forˇxed values of V 1 , S 1 , l, D, α, m 0 , in particular, the system of seven equations (16) determines the sets of variables E 0,l , S 2 , V 2 , δ, γ, ξ, β. In this sense, Eq. (16) enables one to obtain exact analytical solutions to Eq. (7) at particular values of the control parameters of the system. In other words, Eq. (7) appears quasi-solvable.
The Solution for
From Eqs. (16b), (16d), (16f) and (16g), we caň nd δ, β, ξ and γ as below
Equation (16e) gives
By using Eqs. (16a) and (16c), we have
By comparing the above equations, we have
or
By considering Eq. (18), we canˇnd the energy of the system from Eq. (21) as below
or equivalently
. (24) 1.2. The Solution for V 1 = S 1 , V 2 = S 2 . In the case that V 2 = S 2 and V 1 = S 1 , we obtain
Therefore, Eq. (13) changes into
To solve Eq. (26), we assume an ansatz of the form
By doing the same procedure as in the previous section, weˇnd the equations
From Eqs. (28b) and (28c), one canˇnd
By using Eq. (28a), the energy of the system for |0, 0 state obtained is
For further comparison, we have reported some numerical results for different values of V 2 and V 1 in Table 4 and compared with [6] .
DISCUSSIONS
As an example, in Table 1 , we present for
01, m 0 = 1 the resulting solutions of (16) corresponding to the radial functions φ(tanh (αr)) fulˇlling the boundary conditions φ(tanh (αr)) → 0 as r → 0 and r → ∞. For the sake of illustration, we also show in Fig. 2 the behavior of φ(tanh (αr)) for two different sets of the parameters taken from Table 1 . In order to reveal the effect of α on the accuracy of our results, we compare the energies by Eq. (7), calculated exactly with the use of Eq. (16), with those of the KleinÄGordon Eq. (5) with (1) . Some of our results are presented in Tables 2 and 3 for α = 0.075 and α = 0.01, respectively. In our numerical calculation, we have used a ®Shooting Methodb ased on a discrete variable representation (DVR) [13] of the Hamiltonian. As one could have expected, the energies associated with Eq. (7) tend to those of the KleinÄGordon equation as α decreases. In particular, weˇnd from Table 3 Our results can be useful in places where relativistic study of spinless particles is of interest. 
